Rational Exponents
Ao S !

* Negative Exponents and the Quotient Rule
« Rational Exponents

« Complex Fractions Revisited

* Radical Notation

« Simplified Radicals

*Operations with Radicals

*Rationalizing Denominators




Negative Exponents and the Quotient Rule

Negative Exponents

Suppose that a is a nonzero real number and n any integer.

—n —_ _1 a—n_bn
at=—, d=—  (7=0)



Negative Exponents and the Quotient Rule

Example 1 : Using the Definition of a negative exponent.
Evaluate each expression. In parts a,b,c,d and (e), write the expression without
negative exponents. Assume all variables represent nonzero real numbers.

a) 42

b) —4~*
2

c) (E)_3

d) (xy)~*

e) xy3




Negative Exponents and the Quotient Rule

Quotient Rule
Suppose that m and n are integer and a IS a nonzero real number.

= qm " — gMmtn

aTl



Negative Exponents and the Quotient Rule

Homework 1 : Using the Quotient Rule.
Simplify each expression. Assume all variables represent nonzero real numbers.




Negative Exponents and the Quotient Rule

Example 2 : Using the Rules for Exponents.

Simplify each expression. Write answers without negative exponents. Assume all variables
represent nonzero real numbers.

a) 3x~2(4 1x7>)?

(3x2)"1(3x>)~2
(3-1x~2)2




Rational Exponents

Definitions and Rules for Exponents

Suppose that r and s represent rational numbers. The results here are
valid for all positive numbers a and b.

Productrulel a" a°=a""*
Productrule2 (a")°= a"™

r
Quotient rule % =a"* ,(ab)'=a"b" , (%)7‘: P

Negative exponent a "= g



Rational Exponents

1

The expression ar

1
an n Even

1

If n is an even positive integer, and if a > 0, then a= is the positive real
1

number whose nth power is a, That is (a»)"= a.

1
(In this case a» is the principle nth root of a) a

S | =

— Ya



Rational Exponents

1
an ,n 0dd

If n is an odd positive integer, and a is any nonzero real
1

number, then ar is the positive or negative real number
1

whose nth power is a, That is (a»)"= a. For all positive
1

integers n, 0n = 0



Rational Exponents

1

Homework 2 : Using the definition of an

Evaluate each expression.

1
a) 362
1
c) —(225)2
1

e)(—1296)%

9)(=27)3

1

b) —1002

d)625"/4
1

f) —1296%

1
h) —325



Rational Exponents

m

The expression anr

Let m be any integer, n be any positive integer , and a be any real
1

number for which ar is a real number.
m 1 1

an = (am™ = (a™)n

AR



Rational Exponents

m

Example 3 : Using the definition of an

Evaluate each expression.

2 7
a) 1253 b)325
c) 812 d) (-27)/3
-3 5
e)16 4 ) (—4)2

12



Rational Exponents

Homework 3 : Using the Rules for exponents

Simplify each expression. Assume all variables represent positive real numbers.

5
3

VY



Rational Exponents

/6

m

d)(—; )( )3
y4
2 7 1

\I



Rational Exponents

Example 4 : Factoring Expressions with Negative or Rational Exponents

Factor out the least power of the variable or variable expression. Assume all variables represent
positive real numbers.

a)12x™% — 8x—3

1 3
b)Am2 + 3ma2

)y —2)3 +(y—2)3

Yo



Complex Fractions Revisited

Negative exponents are sometimes used to write complex fractions.

Homework 4 : Simplifying a Fraction with Negative Exponents

-1
f_cz;_l . Write the results with only positive exponents.

Simplify

Y1



Radical Notation

In this section we used rational exponents to express roots. An alternative notation
for roots is radical notation.

Radical Notation for al/™:

Suppose that a is areal number, n is a positive integer, and a'/™ is areal
number.

al/m = %/a
Radical Notation for a™/™:

Suppose that a is areal number, m is an integer, n is a positive integer, and %/a
IS areal number.

@/ = (Y@= Y

V'V



Radical Notation

In the radical %/a, the symbol ¥/ is aradical symbol!

The number a is the radicand, and n is the index. We use the familiar notation +/a
instead of 3/a for the square root.

For even of n( square roots, fourth roots, and so on),
when a is positive, there are two nth roots, one positive and one negative.

In such cases, the notation /a represents the positive root, the principal nth
root.

We write the negative root as —4/a.

YA



Radical Notation

Example 5 : Evaluating Roots

Write each root using exponents and evaluate.

a)vVie  b)—7Vi16 c)¥=32 d)31000

6| 64
e) |— f) V-16
\ 729
SOLUTION
a) V16 = 164 =2 b) — V16 = —16V/* = -2

) ¥=32 = (-32)1/5= -2 d) /1000 = (1000)3 = 10

6| 64 2
e) ’ = (?9)6— = f) V=16 = (-16)Y*is not a real number.

Y4



Radical Notation

Homework 5 : Converting from Rational Exponents to Radicals

Write in radical form and simplify. Assume all variable expressions represent positive real
numbers.

2 4 3 5
a) 83 b)(—32)5 c) —164 d) x6
2 1 1
e) 3x3 f)2p2 g)(3a+ b)4
SOLUTION

)8 = Y82 =Y6d=4 or 8 = (YB)2=22=4
b)(—32)§= Y (=32)4= V1048576 = 16 or (—32)§= (Y=32)*= (-2)*= 16




Radical Notation

SOLUTION

3
) —164= —(‘{/E)?’ =—-23=-8
5 6
d) x6 = /x5
2

e) 3x3 = 3/x2

1
f)2p2 =2.p

g) 3a+ b)%= YV (3a+ b)
A\



Radical Notation

CAUTION

1 1
It is not possible to distribute exponents over a sum, so in Homework 5(g), (3a + b)++# (3a)+

1
+ b4

VXt oyt Ex+y

YY



Radical Notation

Example 6 : Converting from Radicals to Rational Exponents

Write in exponential form. Assume all variable expressions represent positive real numbers.

DVE BV 91007 @5 @xt)

e)Vp?+q
SOLUTION
5 1
a) Vx5 = x# b)\/3y = (3y)2
2 7 7 28
¢)10(3/z)* = 1025 d) 53\/(2x4)7= 5(2x%)3 =5-23x3

1
e)\Vpr:+q = (p*+q)2

YY



Evaluating Va™

Evaluating Vam

suppose that ais areal number, If nis an even positive integer, then
Va" = |a |

Example: /(=9)2=|-9| =9, V132 = |13| = 13

suppose that a is areal number, If nis an odd positive integer, then
Va® =a

Example: V25 =2,  }/(—-8)3=-8

Y¢



Evaluating Vam

Homework 6. Using Absolute Value to simplify Roots

Simplify each expression.

a) /p* b)Vp*

¢) V16m3r® d) \/(—2)6
e) Ym® f J (2k + 3)2

9)VxZ —4x+ 4
Yo



Rules for Radicals

Suppose that a and b represent real numbers, and m and n represent positive
Integers for which the indicated roots are real numbers.

Rule
Product rule

YVa- Vb= "ab

Quotient rule

nfa “a
\/%—%,(b;hO)

Power rule

"|va="a

Y1



Rules for Radicals

Example 7. Simplifying Radical Expressions
Simplify. Assume all variable expression represent positive real numbers.

a) V6 - /54 b)ym - Ym?
c)\/% d)i/%
6)7\/% f)i/g

YV



Simplified Radicals

Simplified Radicals:
An expression with radicals is simplified when all

of the following conditions are satisfied.

1. Theradicand has no factor raised to a power greater than or equal to the
index. Jdall G J8 98 3l Jala ()

2. The radicand has no fractions siall Jaly suS 32 6 Y

No denominator contain aradical sl A i 32 g Y

4. Exponents in the radicand and the index of the radical have greatest
common factor 1 g, o o i Jds)

5. All indicated operations have been performed (if possible)
SN 1iSal 1) 26 Ay gllaal) duleald) cillanl) (S

o

YA



Rules for Radicals

Homework 7.
Simplify each radical.

a) V175
b) — 3332

) 1/81x5y7z5

Y4



Operations on Radicals

Radicals with the same radicand and the same index, such as
31/11pgand — 7 /11pq,  are like radicals,

On the other hand, examples of unlike radicals are as follows:
2+/5, and 2\/3 radicands are different
2+/3 and 23/3 indexes are different.

We add or subtract like radicals by using distributed property. Only like radicals can
be combined. Sometimes we need to simplify radicals before adding or subtracting.



Rules for Radicals

Example 8. Adding and Subtracting Radical

Add or subtract, as indicated. Assume all variable expression represent positive real
numbers.

a) 33/11pq + (-75/11pq )
b) /98x3y + 3x,/32xy

¢) ¥ 64m4n5 — Y—27m10n14

A



Rules for Radicals

Homework 8. Simplitying Radicals

Simplify each radicals. Assume all variables represent positive real numbers.

a)i/?

b) 6/.7612},3

c)gﬁ

VY



Rules for Radicals

Example 9 Multiplying Radical Expressions

Find each product
@) (V7 — V10)(v7 +10)

b)(V2 + 3)(V8 - 5)

\R}



Rationalizing Denominators

The third condition for a simplified radical requires that no
denominator contain a radical.

We achieve this by rationalizing the denominator- that is, multiplying
by a form of 1.

Al



Rationalizing Denominators

Homework 9: Rationalizing Denominators

Rationali h denominat a)4 b)43
dationaiize eac enominator = -
V3 5

Yo



Rationalizing Denominators

Example 10: Simplifying Radicals Expressions with Fractions Simplify each Expression.
Assume all variables represent positive real numbers

4 3
X
a) Y

3| 4
4

5
b) |5

¥



Rationalizing a Binomial Denominators

Homework 10: Rationalizing a Binomial Denominator

1
Rationalize the denominator of ——
1—/2

A%



